In this paper, a numerical method is employed to study the free vibration of axially loaded composite Timoshenko beam. The problem is governed by a set of coupled second-order ordinary differential equations of motion, under different boundary conditions. The method is based on numerical integration rather than the numerical differentiation since the highest derivatives of governing functions are chosen as the basic unknown quantities. The kernels of integral equations turn out to be Green's function of corresponding equation with homogeneous boundary conditions. The accuracy of the proposed method is demonstrated by comparing the calculated results with those available in the literature. It is shown that good accuracy can be obtained even with a relatively small number of nodes.
INTRODUCTION
Composite thin-walled beams are widely used as structural elements in many types of structures. Compared to standard construction materials, composite materials present many advantages, e.g. light weight, corrosion resistance, low thermal expansion, and excellent fatigue characteristics in the direction of the fibers. Because of their practical importance the accurate prediction of the dynamic behavior of such constructions is an important part of engineering analysis.
When cross-sectional dimensions are large or higher frequencies are studied in the vibration analysis of the composite beams, the effects of shear deformation and rotary inertia should be taken into account, i.e. Timoshenko's beam model should be used. The effect of axial load adds some additional terms to the equations of motion of the Timoshenko beam and so they become more complicated to solve and numerical methods have to be applied. Numerical methods such as finite element (Reddy [17] , Vo et al. [18] , Borbon et al. [6] ) finite difference (Fule and Zhi-zhong [8] , Ansari et al. [1] ) differential quadrature (Mirtalaie et al. [13] , Rajasekeran [16] ), the dynamic stiffness matrix (Benerjee [2 3 ], Li et al. [11] , Pagani et al. [14] ) and some other methods (Biscontin et al. [5] , Berczynski and Wroblewski [4] , Pan et al. [15] , Liu et al. [12] ) have been used in solving free vibration problems of structures.
In this study a numerical method is developed for free vibration analysis of an axially loaded composite Timoshenko beam with bending-torsional coupling. The highest derivatives in the differential equations are chosen as the basic unknowns of the problem, as it was first proposed by Hajdin [9] , and the unknowns are determined through the corresponding integral equations. In the formation of integral equations we use methods that are well known to engineers from the theory of structures, as Green's functions are nothing more than well-known influence function of a beam. Finally, by the application of the numerical integration it is possible to replace that equations into linear algebraic equations from which can be obtained a characteristic equation of natural frequencies, for different boundary conditions. With a relatively small number of points it can be achieved satisfactory accuracy of the results.
THEORETICAL CONSIDERATIONS
A straight Timoshenko beam of length l with a solid rectangular cross-section is considered. A constant axial load P is assumed to act through the centroid (mass centre) of the cross section. P is considered to be positive when it is compressive. The flexural displacement, in the y direction and the torsional rotation about the z-axis are denoted by     and v z,t z,t  respectively, where z and t denote distance from the origin and time. The rotation of the cross-section about the y-axis due to flexure alone is denoted by   
where primes and dots denote differentiation with respect to coordinate z and time t, respectively;  is the material density; 
where       , and V z z z   are the amplitudes of the sinusoidal varying vertical displacement, flexural rotation and torsion rotation, respectively. Substituting Eqs. 2 into Eqs. 1, equations of motion can be rewritten as follows:
where displacement state vector q, consisting of 3 displacement parameters, is defined by
and matrices A, B, C and D are as follows
INTEGRAL EQUATION METHOD
The second derivatives of any component   
The solution to Eq. 6 may be written as (Byron and Fuller [7] )
where  is the integration variable and   s s, is Green's function corresponding to the differential Eq. 6, which obeys homogeneous boundary conditions Eq. 7. Function   s s, , known as kernel of integral Eq. 8, is defined by Differentiating Eq. 8 we get
where is
( 1 1 ) influence function for transversal force of the cantilever beam.
NUMERICAL SOLUTION
The values of definite integral in Eq. 8 can be expressed approximately, using method for numerical integration.
Unknown function   i p z , which by static analogy with beam in bending represents the load, will be replaced with an equivalent static forces Pi,k concentrated at selected points (nodes) k (k = 0, 1, 2,.., M-1) of the equidistant spacing  , so that the bending moments at these points, due to a given distributed load, are the same as the moments due to concentrated forces, Figure 2 . In the case when the given load changes linearly from node to node, expressions for the concentrated forces are given by the following expressions
6 2 6
where pi,k are the ordinates of function pi(z) at selected points k. Expressions Eq. 12 are well known in structural mechanics where a process of reducing a distributed load to equivalent concentrated forces is often employed. 
where j q ( j = 1, 2,…, M ) and k P ( k = 0, 2,…, M-1 ) are the vectors of nodal "bending moments" and "concentrated forces" of the fictitious cantilever beam, all of which, in general, has three components.
Substituting Eqs. 12 to Eq. 13 we obtain 0   Q SP LQ (14) or explicitly 
Performing the Eq. 14 the ordinate of function   Differentiating Eq. 14 with respect to z, and applying the previous transformations, in a similar way we obtain 0      Q S P L Q (17) or in a developed form 
Also, from Eq. 6 it follows
Conditions that differential equations of motion of the axially loaded Timoshenko beam, Eqs. 4, are satisfied at all discrete points j   
where 
Substituting Eqs. 14, 17 and 20 into Eq. 21 yields
from which we obtain 1 0
where
Taking into account Eqs. 15 and 18 we can establish a connection between the values of the vector q and q' on the right and left end of the element
At the beam ends, depending on the support conditions, boundary conditions are given by the forces and/or displacements. Consider the most general case of mixed boundary conditions at both ends of the beam. Taking into account that
we can establish the following relations on the left and right end of the element 
To demonstrate the applicability of the proposed method, the beam model studied by Kaya and Ozgumus [10] is solved as an illustrative example. It is a cantilever glass-epoxy composite beam with a rectangular cross section with width 12.7 mm and thickness 3. .
The first six natural frequencies of the above composite Timoshenko beam are calculate and numrical results are shown in Table 1 , along with the natural frequencies of Kaya and Ozgumus [10] . Close agreements in natural frequencies are obtained between the proposed method and method by Kaya and Ozgumus [10] . For k = 30, the differences between the two methods are less than 3%. The convergence of the first natural frequency for P=0, P=7.5 and P=-7.5, is shown in the Fig. 3 . It can be seen that the proposed methods converge fast and a relatively small number of interior points are required for a good prediction of frequencies.
CONCLUSIONS
In this paper a numerical method is presented for the analysis of axially loaded composite Timoshenko beam which exhibits bending-torsion coupling. The essential steps of the proposed method includes transforming the basic governing differential equations of motion into integral equations, and then, using numerical procedure, it is possible to replace that equations with system of linear algebraic equations. The basic mathematical operation is simple and can be readily solved by the application of matrix calculus. Numerical verification demonstrates that the proposed method is reasonably accurate, i.e. the numerical approximations, in most cases, is accurate for quite low values of k.
Finally, it can be said that proposed method can serve as a convenient alternative to the similar numerical techniques in the analysis of coupled vibration of Timoshenko beam. Also it should be noted that the proposed method can be applied to all the problems of structural mechanics defined by a set of second-order ordinary differential equations of variable coefficients, with arbitrary boundary conditions, for example, to the problems of stability.
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